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Acoustic signal localization is a complex prob-
lem with a wide range of industrial and academic
applications. Herein, we propose a localization
method based on energy attenuation and inverted
source amplitude comparison (termed estimated
source energy homogeneity, or ESEH). This in-
version is tested on both synthetic (numerical)
data using a Lamb wave propagation model, and
experimental 2D plate data (recorded with 4 ac-
celerometers sensitive up to 26 kHz). We com-
pare the performance of this technique with clas-
sic source localization algorithms: arrival time lo-
calization, time reversal localization, and localiza-
tion based on energy amplitude. Our technique
is highly versatile, and out-performs the conven-
tional techniques in terms of error minimization
and cost (both computational and nancial).
Source localization of acoustic signals is fundamental
for a broad range of academic and industrial applications,
from robotics to medicine; from telecommunications to
geoscience1{7. Even though it is trivial to locate impul-
sive, non-dispersive signals without any reections8, as
the signal and propagating medium get more complex
this task becomes more dicult. In this paper, a new
approach of localization based on the signal energy is pre-
sented. It is possible to implement this estimated source
energy homogeneity (ESEH) method into the authors'
previous work9 to localize microseismic events in aero-
fracturing of a porous medium in a Hele-Shaw Cell10, or
other types of 2D experiments such as fracture propaga-
tion experiments in plexiglass11 or crack propagation in
paper12. Furthermore, it is possible to implement this
method into a 3D medium at a larger scale which then
can be used in the industrial applications such as geother-
mal activities13{15, well stimulation16 etc.
We here present a set of experimental and numeri-
cal results that compare dierent methods of localiza-
tion: Arrival Time Delay Localization (ATL)17{22, En-
ergy Based Localization (EBL)23,24, Time Reversal Lo-
calization (TRL)6,7,25 (see Supplementary Material S1),
and ESEH.
A glass (or plexiglass) plate having dimensions 80 cm
40 cm 1 cm is used for experiments. A 4:5 mm diameter
steel ball is dropped from 2   3 cm height above the
plate on dierent locations. The signal generated by the
impact is recorded with a set of 4 miniature piezoelectric
accelerometers (Bruel & Kjaer - 4374) with an optimal
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sensitivity in the (1 Hz - 26 kHz) frequency range. The
recorded signal is amplied and conditioned using a Bruel
& Kjaer Nexus Charge Amplier - Type 2692-A. Then,
the signals are transmitted to the computer using a Ni-
DAQ mx PCI-6133 acquisition card.
This new method relies on the principle that the source
energy, after correction from travel path-related attenu-
ation, should be equal (or almost equal) at every sensor
location. The energy spreading due to distance for plates
can be dened as Em =
E
2Rh where Em is the source en-
ergy E spread to a receiver m at a distant R where h is
the plate thickness. In this new approach, the energy is
calculated using the equation26,27:
Es(rs; rn) =
Z !Nyq
0
2R(n)hc(!)
ja(!)j2
!2
e(!)R(n)d!;
(1)
where Es(rs; rn) is the energy of the source seen from
the sensor number n at position rn, if the source is at
position rs,  is the mass density of the plate, c(!) is
the group velocity over dierent ! (angular frequency) at
which the energy is traveling27, a(!) is the acceleration
of the plate after Fourier transform, R(n) = jjrn   rsjj
is the distance between the source and the receiver n
and !Nyq is the Nyquist frequency (!Nyq =

dt where
dt is a discrete time step). The part e(!)R represents
correction due to the material based attenuation which
is equal to 1 in the case of glass plate27. For plexi-
glass plate for the frequencies lower than the cuto fre-
quency !c = !(1=h), this attenuation coecient is equal
to (!) = 1 m 1, and for the frequencies higher than
cuto frequency it is (!) = 7:64  10 4!2=3 m 127.
Dening an average operator as hAi = 1N
PN
n0=1A(n
0):
and using the normalized source energy 	s(rs; rn) =
Es(rs; rn)=max(Es(rs; rn)) where max(Es(rs; rn)) is the
maximum over the N sensors, we can formulate the stan-
dard deviation of the energy recorded at N dierent sen-
sors as (rs) =
q
1
N
PN
n=1(	s(rs; rn)  h	s(rs; rn)i)2.
The minimum of this standard deviation, (rs) over
the plate will indicate the position of the source. This
method is based on the direct wave (signal without the
arrival of reected waves from the sides). Therefore, it is
necessary to carefully dene the time window prior to the
arrival of reection so as to achieve high quality estimates
of the source position. We dene a direct wave window
ranging from the impact duration of the source by using
hertzian mechanics (30 s and 96 s for the glass and
plexiglass plates respectively)28,29 up to the time of ar-
rival of the reected wave i.e. source < L=VR, where L is
the length of the raypath of the closest reected wave (97
s and 375 s for the glass and plexiglass plates respec-
2tively). We used window sizes 50 s on glass and 200 s
on plexiglass for the experimental cases. The Rayleigh
wave velocity is VRglass  3100 m/s and VRplexi  800
m/s on glass and plexiglass plates27.
Tests on synthetic data using hertzian contact load
during shocks28,29 are conducted to check dierent meth-
ods (ATL, TRL, EBL, and ESEH) in dierent conditions
before testing in physical experiments (see Supplemen-
tary Material S2). During the localization estimations,
we used Rayleigh wave velocity VR as the wave velocity.
However, it is possible to implement dierent group ve-
locities for dierent frequencies in ESEH which decreases
the error around  10 mm. In table I, the average error
of the dierent cases of signal generation are presented in
this order: innite and non-dispersive plate, innite and
dispersive plate by taking into account dierent velocities
over the frequency spectrum, nite and non-dispersive
plate by taking into account the reected waves from the
boundaries, and nite and dispersive plate by taking into
account both. Signals for 18 various source locations are
generated and localized using dierent methods. From
TABLE I. Table showing the average distance between the
real source position and the estimated position (i.e. error) in
mm for dierent cases in the signal generation.
Mean Error, Glass Plate (mm) ATL TRL EBL ESEH
Innite, Non-Dispersive 0 0 7 0
Innite, Dispersive 45 26 35 4
Finite, Non-Dispersive 2 2 20 5
Finite, Dispersive 35 27 50 36
Experimental 21 29 48 33
Mean Error, PlexiGlass Plate (mm) ATL TRL EBL ESEH
Innite, Non-Dispersive 0 0 7 0
Innite, Dispersive 30 61 27 11
Finite, Non-Dispersive 0 0 21 3
Finite, Dispersive 36 37 48 40
Experimental 48 34 34 30
table I it can be seen that the eect of uncertainty due
to the estimation of the source energy in the conventional
method leads to some estimation error even in the sim-
plest case. In the innite cases where the reections are
not included, energy based methods are more precise. A
clear denition of the primary signal means that ESEH
performs well in all circumstances. ATL is comparable to
ESEH when the medium is non-dispersive; however, with
increased dispersivity the performance of ATL decreases
due to the attendant uncertainty in the wave velocity.
In table II it is possible to compare computational costs
for each method in every signal generation context:
This table is obtained by measuring the time spent dur-
ing the estimation process with dierent methods. The
window size of the signal is optimized for the cases to bet-
ter include the direct wave. As a result, some of the less
complex cases have longer signals and thus, take more
time to estimate. From table II it can be seen that ATL
is the cheapest method while EBL is the most expensive.
We tested experimentally the eect of the ball size
(1 mm, 5 mm and 10 mm) and stiness of the plate
TABLE II. Table showing the computational time in milisec-
onds for dierent cases.
Mean Computational Cost (ms) ATL TRL EBL ESEH
Innite, Non-Dispersive 6 31 5567 125
Innite, Dispersive 6 31 5567 125
Finite, Non-Dispersive 6 43 6983 257
Finite, Dispersive 6 22 4760 90
(polyamide, glass and steel) of the signals. We observed
that these properties do not aect localization results
signicantly. The average estimation error for dierent
sampling rates for a set of experiments using a 5 mm steel
ball hitting on a plexiglass plate are presented in Figure
1.
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FIG. 1. Figure showing the decay of the average error on plex-
iglass plate with dierent sampling rates in dierent methods.
Signals with lower sampling rates are obtained by decimating
the experimentally recorded signal with 1 MHz sampling rate.
On the other hand, due to the lower Rayleigh wave
velocity ( 800 m/s) in plexiglass, direct wave is clearer.
This allows energy based methods to work in this case
with a resolution  3:3  1:0 cm, which is calculated
by averaging the dierence between the real and esti-
mated source position for all the experiments (including
the human error on targeting the predened source posi-
tion). Analysis of the experiments with dierent spatial
resolution (by changing the grid from 1 cm to 1 mm)
has a minor eect on the resolution of the data, but it
increases the computational cost 70 times (see Supple-
mentary Material S3). The conventional energy based
localization method can be optimized by having a lin-
early spaced grid of 10 points between the maximum and
the minimum possible source energy (see Supplementary
Material S4).
The sampling rate of the signal has a signicant eect
on the estimation process: the smaller the sampling rate,
the higher the error on localization. However, EBL and
ESEH are the most stable techniques and provide better
results over the range of sampling rates tested.
To see the eect of signal to noise ratio in localization,
Gaussian white noise with dierent amplitude are added
to the input data. In gure 2 it can be seen that the
average error from ATL is the largest when the signal
quality is poor. Here, ESEH and EBL have very similar
responses. Moreover, no dependence on the propagation
medium (i.e. glass or plexiglass) has been observed for
3the decay of the localization error with respect to the
signal to noise ratio (see Supplementary Material S5).
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FIG. 2. Figure showing the eect of the signal to noise ratio
(added articially) of the signal over the estimation quality
in dierent methods on glass plate.
To see the eect of array geometry on the resolution we
placed the sensors in dierent positions over the plate in
the simulations. Based on our investigations, we found
out that a 'T' shaped sensor placement gives the best
results ( 10% better estimation) (see Supplementary
Material S6).
The theoretical formulation of ESEH can be used in
3D media by changing the cylindrical energy spreading
(with a decay of the energy in 1=R) to spherical spreading
(for deep sources: Em =
E
4
3R
2 or for supercial sources:
Em =
E
2
3R
2 ) and changing the material based viscosity
, i.e. attenuation (from 2D glass or plexiglass used in
this research to the selected 3D medium). The two main
advantages of employing a 3D medium are that (1) the
signals reected from the sides are{generally{clearly dis-
tinguishable (or not existing at all when boundaries are
suciently distant) , and (2) the waves are body waves,
meaning that the medium is non-dispersive. We thus, an-
ticipate improved resolution in a 3D medium compared
to a system of plates.
The proposed method, ESEH, appears to be the best
compromise with respect to location accuracy and com-
putational cost among the set of methods tested in this
study. Particularly, if the primary signal can clearly be
dened, ESEH is very convenient to use. Despite be-
ing slower than ATL and TRL, it is more robust when
the signal is noisy, dispersive or fast propagating. This
method can be easily applied in 2D environments such
as touchscreens or in 3D in the petroleum industry, seis-
mology, or medicine.
See supplementary material S1 for the explanation of
the dierent localization methods used in this study, S2
for detailed information about the numerical simulation,
S3 for the details of spatial resolution of EBL, S4 for the
optimization of the source energy grid in EBL, S5 for
details of the signal to noise ratio comparison, and S6 for
the details of the dierent array geometries compared.
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